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Abstract 

For many classical moduli spaces of orthogonal type there are re- 
sults about the Kodaira dimension. But nothing is known in the case 
of dimension greater than 19. In this paper we obtain the first results 
in this direction. In particular the modular variety defined by the or- 
thogonal group of the even unimodular lattice of signature (2, 8m -f 2) 
is of general type if m > 5. 



1 Modular varieties of orthogonal type 

Let L be an integral indefinite lattice of signature (2, n) and ( , ) the as- 
sociated bilinear form. By Vl we denote a connected component of the 
homogeneous type IV complex domain of dimension n 

Vl = {[w] E P(L(g)C) I {w,w) = 0, {w,w) > 0}+. 

0^(L) is the index 2 subgroup of the integral orthogonal group 0{L) that 
leaves invariant. Any subgroup F of 0^{L) of finite index determines a 
modular variety 

Tl{T)=T\Vl. 

By |BBj this is a quasi-projective variety. 

For some special lattices L and subgroups F < 0^(L) one obtains in this 
way the moduli spaces of polarised abelian or Kummer surfaces (n = 3, see 
[(tH] ). the moduli space of Enriques surfaces (n = 10, see |BHP Vj ^ . and 
the moduli spaces of polarised or lattice-polarised K3 surfaces (0 < n < 19, 
see |NikH IDolj ) . Other interesting modular varieties of orthogonal type 
include the period domains of the symplectic manifolds and certain varieties 
associated to fermionic and bosonic strings. 

It is natural to ask about the birational type of .7-i(F). For many clas- 
sical moduli spaces of orthogonal type there are results about the Kodaira 
dimension, but nothing is known in the case of dimension greater than 19. 
In this paper we obtain the first results in this direction. We determine the 
Kodaira dimension of many quasi-projective varieties associated with two 
series of even lattices. 
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To explain what these varieties are, we first introduce the stable orthogo- 
nal group 0(L) of a nondegenerate even lattice L. This is defined (see |Nik2j 
for more details) to be the subgroup of 0(L) which acts trivially on the dis- 
criminant group Al = L'^ /L, where is the dual lattice. If F < 0(L) then 
we write T = Tn 0(L). Note that if L is unimodular then 6(L) = 0(L). 

The first series of varieties we want to study, which we call the modular 
varieties of unimodular type, is 

J'iT^ =0+{Il2,Sm+2)\Vn,^,^^,. (1) 

J-j^^ is of dimension 8m + 2 and arises from the even unimodular lattice of 
signature (2, 8m + 2) 

Il2,8m+2 = 2U emEsi-l), 

where U denotes the hyperbolic plane and £'§(— 1) is the negative definite 
lattice associated to the root system £"8. The case m = 3 is of particular 

(3) 

interest: J-jj is of dimension 26 and arises in the context of bosonic strings. 
The second series, which we call the modular varieties of K3 type, is 

^2^r^ = 0'"(4?)\P,(.). (2) 

•^2d^ is of dimension 8m + 3 and arises from the lattice 

4? = 2C/ © mEsi-l) © {-2d), 

where {—2d) denotes a lattice generated by a vector of square —2d. 

The first three members of the series have interpretations as moduli 
spaces. J^2^ is the moduli space of polarised K3 surfaces of degree 2d. 
For m = 1 the 11-dimensional variety J- 2^ is the moduli space of lattice- 
polarised K3 surfaces, where the polarisation is defined by the hyperbolic 
lattice {2d) © Esi-l) (see jNHcTl iDoI] 'l . For m = and d prime the 3-fold 
J^2^ is the moduli space of polarised Kummer surfaces (see |GHj ) . 

Theorem 1.1 The modular varieties of unimodular and K3 type are vari- 
eties of general type if m and d are sufficiently large. More precisely: 

(i) If m > 5 tlien tlie modular varieties T^ff^ and (for any d > 1) 

are of general type. 

(a) For m = 4 the varieties are of general type if d> 3 and d ^ 4. 

(3) 

(Hi) For m = 3 the varieties T^J^ are of general type if d > 1346. 

(iv) For m = 1 the varieties J-'^^ are of general type if d > 1537488. 
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Remark. The methods of this paper are also apphcable if d = 2. Using 

(2) 

them, one can show that the moduh space of polarised K3 surfaces 
of degree 2d is of general type if d > 231000. This case was studied in 
|GHS2j . where, using a different method involving special pull-backs of the 

(2) 

Borcherds automorphic form $12 on the domain 'Djj^ ^e^ proved that 
is of general type if d > 61 or d = 46, 50, 54, 57, 58, 60. 

The methods of |t]!iHS2| do not appear to be applicable in the other cases 
studied here. Instead, the proof of Theorem II . II depends on the existence of 
a good toroidal compactification of .^^(r), which was proved in |(THS2j . and 
on the exact formula for the Hirzebruch-Mumford volume of the orthogonal 
group found in [(tHSI] . 

We shall construct pluricanonical forms on a suitable compactification of 
the modular variety J-L(r) by means of modular forms. Let F < 0^(L) be 
a subgroup of finite index, which naturally acts on the affine cone over 
Dl. In what follows we assume that dimD^. ^ 3. 

Definition 1.2 A modular form of weight k and character x: T — > C* with 
respect to the group T is a holomorphic function 

F -.Vl^C 

which has the two properties 

F{tz) = t-^F{z) VieC*, 

F{9{^)) = x{9)F{z) v^er. 

The space of modular forms is denoted by Mk{T,x)- The space of cusp 
forms, i.e. modular forms vanishing on the boundary of the Baily-Borel 
compactification of T\'Dl, is denoted by S'fc(r,x)- We can reformulate the 
definition of modular forms in geometric terms. Let F G Mfc„(r, det^) be a 
modular form, where n is the dimension of T>l. Then 

where dZ is a holomorphic volume form on 2?^, J7 is the sheaf of germs of 
canonical n- forms on TiiX) and J^l(^)° is the open smooth part of 
such that the projection vr : Vl — > T\Dl is unramified over .^^(r)". 

The main question in the proof of Theorem 11.11 is how to extend the 
form F{dZ)^ to J'l^X) and to a suitable toroidal compactification J^l{V)^°^ . 
There are three possible kinds of obstruction to this, which we call (as 
in |GHS2j ^ elliptic, reflective and cusp obstructions. Elliptic obstructions 
arise if ^^(r)*™ has non-canonical singularities arising from fixed loci of the 
action of the group F. Refiective obstructions arise because the projection 
TT is branched along divisors whose general point is smooth in TiiV). Cusp 
obstructions arise when we extend the form from J-l{^) to .^-^(F)*"''. 

The problem of elliptic obstructions was solved for re > 9 in jGHS2j . 
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Theorem 1.3 f \(}HS2\ Theorem 2.1]) Let L be a lattice of signature (2,n) 
with n > 9, and let T < 0'^{L) be a subgroup of finite index. Then 
there exists a toroidal compactification ^^(r)*™ of J^ii^) = ^\1^L such 
that ^i(r)*°'' has canonical singularities and there are no branch divisors in 
the boundary. The branch divisors in J-^L(r) arise from the fixed divisors of 
reflections. 

Reflective obstructions, that is branch divisors, are a special problem re- 
lated to the orthogonal group. They do not appear in the case of moduli 
spaces of polarised abelian varieties of dimension greater than 2, where the 
modular group is the symplectic group. There are no quasi-reflections in 
the symplectic group even for 5 = 3. 

The branch divisor is defined by special reflective vectors in the lattice L. 
This description is given in §2. To estimate the reflective obstructions we use 
the Hirzebruch-Mumford proportionality principle and the exact formula for 
the Hirzebruch-Mumford volume of the orthogonal group found in IQHSlj . 
We do the numerical estimation in §4. 

We treat the cusp obstructions in §3, using special cusp forms of low 
weight (the lifting of Jacobi forms) constructed in |(T2j and the low-weight 
cusp form trick (see jUS and |(;HS2p . 



2 The branch divisors 

To estimate the obstruction to extending pluricanonical forms to a smooth 
projective model of Tl{0 (L)) we have to determine the branch divisors of 
the projection 

7::Vl^J'l{0'^{L))=0^{L)\Vl. (3) 

According to |(tHS2| Corollary 2.13] these divisors are defined by reflections 
(7r S 0"*"(L), where 

m / 2(^,r) 
o"r(0 = ^ - 7 — 
(r, r) 

coming from vectors r ^ L with < that are stably reflective: by this 
we mean that r is primitive and ar or — ctj. is in O (L). By a {k) -vector for 
A; £ Z we mean a primitive vector r with r"^ = k. 

Let D be the exponent of the flnite abelian group and let the divisor 
div(r) of r G L be the positive generator of the ideal {l,L). We note that 
r* = r/div(r) is a primitive vector in L^. In |(tHS21 Propositions 3.1-3.2] 
we proved the following. 

Lemma 2.1 Let L be an even integral lattice of signature (2,n). If cr^ G 

0^(L) then = -2. If -ar G 6'^(L), then = -2D and div(r) = D = l 
mod 2 or = —D and div(r) = D or D/2. 
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We need also the following well-known property of the stable orthogonal 
group. 

Lemma 2.2 For any sublattice M of an even lattice L the group 0(M) can 
be considered as a subgroup of 0(L). 

Proof. Let M-*- be the orthogonal complement of M in L. We have as usual 

M © M-L C L C C © {M^y. 

We can extend g G 0(M) to M © M"*- by putting g\M^ = id- It is clear 
that g G 0(M©M-L). For any G wejiave G + (M©M-^). In 

particular, g{l) G L for any I G -L and g G 0(L). □ 

We can describe the components of the branch locus in terms of homo- 
geneous domains. For r a stably reflective vector in L we put 

Hr = {[w] G P(L©C) I {w,r) = 0}, 

and let M be the union of all hyperplane sections Hr DDl over all stably 
reflective vectors r. 

Proposition 2.3 Let r G L be a stably reEective vector: suppose that r 
and L do not satisfy D = 4, = —4, div(r) = 2. Let Kj- be the orthogonal 
complement of r in L. Then the associated component n{Hr D'Dl) of the 

branch locus M is of the form {Kr)\'DKr- 
Proof. We have i/^ n Pl = F{Kr) HVl = Vk^. Let 

Tx. = WC^ 0^(L) I ip{Kr) = Kr}. (4) 

Tkj. maps to a subgroup of 0^{Kr). The inclusion of 0{Kr) in 0{L) 
f Lemma 12.2(1 preserves the spinor norm (see |GHS1[ §3.1]), because Kr has 

signature (2,n — 1) and so (Kr) becomes a subgroup of 0^(L). 

Therefore the image of Tx^ contains O (Kr) for any r. Now we prove 

that this image coincides with O {Kr) for all r, except perhaps if D = 4, 
= —4 and div(r) = 2. 
Let us consider the inclusions 

{r) ® Kr C L C L"^ C {r)^ © K^ . 

By standard arguments (see [2HS2, Proposition 3.6]) we see that 

I dct L I * 1 7*^ I I I 

I det Kr\ = - — ' ' and [L : (r) © Kr] = ' , = 1 or 2. 
div(rj^ div(rj 
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If the index is 1, then it is clear that the image of Tx^ is O {Kr). Let us 
assume that the index is equal to 2. In this case the lattice (r)^ is generated 
by = — r/(r, r) = r*/2, where r* = r/div(r) is a primitive vector in L^. 
In particular represents a non-trivial class in (r)^ ® modulo . Let 
us take /c^ G such that ^ . Then /c^ + G and 

ip{k'^) — = — '^{r^) mod L. 

We note that if 99 G then (/^(r) = itr. Hence 



V 




^{k^)-k 



Since ¥'(r*) = r* mod L, we cannot have '^{r) = —r unless div(r) = 1 or 2. 
Therefore we have proved that ^p{k'^) = k^ mod Kr {K^ = CiL), except 
possibly if D = 4, = -4, div(r) = 2. □ 

The group (L) acts on J\f. We need to estimate the number of components 

of (L) \Af. This will enable us to estimate the reflective obstructions to 
extending pluricanonical forms which arise from these branch loci. 

For the even unimodular lattice //2,8m+2 any primitive vector r has 
div(r) = 1. Consequently r is stably reflective if and only if = —2. 

For L^"^ the reflections and the corresponding branch divisors arise in 
two different ways, according to Lemma l2. II We shall classify the orbits of 
such vectors. 

Proposition 2.4 Suppose d is a positive integer. 

(i) Any two {—2)-vectors in the lattice //2,8m+2 are equivalent modulo 
0~'~(/l2,8m+2), and the orthogonal complement of a {—2)-vector r is 
isometric to 

= U®mE^{-l)®{2). 

(ii) There is one {L^^^)-orbit of {—2)-vectors r in L^^^ with div(r) = 1. 
If d = 1 mod 4 then there is a second orbit of {—2)-vectors, with 
div(r) = 2. The orthogonal complement of a {—2)-vector r in l!^^ is 
isometric to 

^2d^ = ^ ® © (2) © {-2d), 

if div(r) = 1, and to 

N^f = UemEs{-l)e(^,li fj, 

if div(r) = 2. 
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(iii) The orthogonal complement of a {—2d)-vector r in is isometric 
to 

Ih,sm+2 = 2U®mEs{-l) 

if div(r) = 2d, and to 

i^^™) = [7em£;8(-l)e(2)e(-2) or T2,sm+2 = U(BU{2)®mEs{-l) 
if div(r) = d. 

(iv) Suppose d > 1. The number of 0{L^^) -orbits of {—2d)-vectors with 

div(r) = 2d is 2P^'^\ The number of 0{L^^)-orbits of {—2d)-vectors 
with div(r) = d is 

' 2P^'^'^ if d is odd or d = 4. mod 8; 
< 2''W+i if d = mod 8; 
2P(d)-i if ^ = 2 mod 4. 

v 

Here p{d) is the number of prime divisors of d. 

Proof. If the lattice L contains two hyperbolic planes then according to the 
well-known result of Eichler (see ^ §10]) the O (L)-orbit of a primitive 
vector I € L is completely defined by two invariants: by its length (1,1) and 
by its image /* + L in the discriminant group Al, where /* = //div(/). 

i) If n is a primitive vector of an even unimodular lattice Il2,8m+2 then 
div(u) = 1 and there is only one 0(I/2,8m+2)-orbit of (— 2)-vectors. There- 
fore we can take r to be a (— 2)-vector in U, and the form of the orthogonal 
complement is obvious. 

ii) In the lattice L^'^ we fix a generator h of its {—2d) -part. Then for 

any r G l'^^ we can write r = u + xh, where u € Il2,8m+2 and x £ Z. It 
is clear that div(r) divides r^. If f \ div(r), where / = 2, d or 2d, then the 
vector u is also divisible by /. Therefore the (— 2)-vectors form two possible 
orbits of vectors with divisor equal to 1 or 2. If = —2 and div(r) = 2 
then u = 2uq with uq G 2U © mE^{—l) and we see that in this case d = 1 
mod 4. This gives us two different orbits for such d. In both cases we can 
find a (— 2)-vector r in the sublattice U © {—2d). Elementary calculation 
gives us the orthogonal complement of r. 

iii) This was proved in [GHS2, Proposition 3.6] for m = 2. For general 
m the proof is the same. 

iv) To find the number of orbits of (— 2(i)-vectors we have to consider two 
cases. 

a) Let div(r) = 2d. Then r = 2du + xh and r* = {x/2d)h mod L, where 
u £ Ih,8m+2 and x is modulo 2d. Moreover (r, r) = Ad'^{u, u) — x'^2d = —2d. 
Thus = 1 mod Ad. This congruence has 2''^'^) solutions modulo 2d. For 
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any such x mod 2d we can find a vector u in 2U © mEs{—l) with (u, u) = 
(x^ — l)/2d. Then r = 2du + x/i is primitive (because u is not divisible by 
any divisor of x) and (r, r) = — 2(i. 

b) Let div(r) = d. Then r = du + xh, where u is primitive, r* = {x/d)h 
mod L and x is modulo d. We have (r*,r*) = —2x'^/d mod 2Z and = 1 
mod d. For any solution modulo d we can find as above u G 2U © m£'8(— 1) 
such that r = du + xh \s primitive and (r, r) = —2d. It is easy to see that 
the number of solutions {x mod d | = 1 mod d} is as stated. □ 

Remark. To calculate the number of the branch divisors arising from vec- 
tors r with = —2d one has to divide the corresponding number of orbits 
found in Proposition I2.4f iv') by 2 if (i > 2. This is because itr determine 
different orbits but the same branch divisor. For d = 2 the proof shows that 
there is one divisor for each orbit given in Proposition I2.4r iv') . 

3 Modular forms of low weight 

In this section we let L = 2U © Lq be an even lattice of signature (2, n) 
with two hyperbolic planes. We choose a primitive isotropic vector ci in L. 
This vector determines a 0-dimensional cusp and a tube realisation of the 
domain P^. The tube domain (see 7i{Li) below) is a complexification of 
the positive cone of the hyperbolic lattice Li = c\;lc\. If div(ci) = 1 we 
call this cusp standard (as above, by ^ there is only one standard cusp). 
In this case Li = U (B Lq. In |(tHS2| §4] we proved that any 1-dimensional 

boundary component of O (L) \ contains the standard 0-dimensional 
cusp if every isotropic (with respect to the discriminant form: see jNik21 
§1.3]) subgroup of is cyclic. 

Let us fix a 1-dimensional cusp by choosing two copies of U in L. (One 
has to add to ci a primitive isotropic vector C2 G Li with div(c2) = 1). Then 
L = C/©Li = [/©([/© Lq) and the construction of the tube domain may 
be written down simply in coordinates. We have 

W(Li) = Hn = {Z = {zn, . . . , zi) G Hi X C"-2 X Hi; (Im Z, Im Z)l, > 0}, 

where Z G Li ©C and {zn-i, ■ ■ ■ , Z2) £ Lq^C. (We represent Z as a column 
vector.) An isomorphism between Tin and "Dl is given by 

p-.Hn Vl (5) 

Z = {zn,... ,zi) I — > {- -{Z,Z)li ■■ Zn : ■ ■ ■ : zi : l). 

The action of 0^(L©M) on Tin is given by the usual fractional linear trans- 
formations. A calculation shows that the Jacobian of the transformation of 
Hn defined by g G 0^(L © M) is equal to det{g)j{g, Z)~"', where j{g, Z) is 
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the last ((n + 2)-nd) coordinate of g{^p{Z)) £ Vl. Using this we define the 
automorphic factor 



J: 0+(L( 



(detg)-i-i(<7,Z) 



The connection with pluricanonical forms is the following. Consider the 
form 

dZ = dZl^■■■ ^dZn£ ^'^{'Hn)- 

F{dZ)^ is a F-invariant fc-fold pluricanonical form on "H^, for T a subgroup 
of finite index of 0+(L), if F{g{Z)) = J{g, ZfF{Z) for any 5 G T; in other 
words if F G M„fc(r,det'') (see Definition Oj) . To prove Theorem 11.11 we 
need cusp forms of weight smaller than the dimension of the corresponding 
modular variety. 

Proposition 3.1 For unimodular type, cusp forms of weight 12 + Am exist: 
that is 

dimS'i2+4m(0+(//2,8m+2)) > 0. 

For K3 type we have the bounds 



dim 5*11-) 


h4m(0 


■(4?)) 


> 





if d>l; 




dim 5io+4m(0^ 


"(4?)) 


> 





if d>l; 




dim 5*7- 


h4m(0 


'(4?)) 


> 





if d > 4; 




dim Sq^ 


h4m(0 


'(4?)) 


> 





if d = 3 or 


d>5 


dim S's- 


h4m(0 


"(4?)) 


> 





if d = 5 or 


d>7 


dim 5*2^ 


h4m(0 


'(4?)) 


> 





if d > 180. 





Proof. For any F{Z) G Mfc(0 (L 



) we can consider its Fourier-Jacobi ex- 



pansion at the 1-dimensional cusp fixed above 

FiZ) = /o(zi) + ^ /„( zi;z2,... Zn-i) exp{2mmzr. 



m>l 



A lifting construction of modular forms F{Z) G Mfc(0 (L)) with trivial 
character by means of the first Fourier-Jacobi coefficient is given in [(irlj . 
|G2j . We note that fi{zi;z2,---,Zn-i) G Jk,i{Lo), where Jfc^i(Lo) is the 
space of the Jacobi forms of weight k and index 1. A more general con- 
struction of the additive lifting was given in |B2j but for our purpose the 
construction of ■CT2l is sufficient. 
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The dimension of Jk,iiLo) depends only on the discriminant form and 
the rank of Lq (see |G2I Lemma 2.4]). In particular, for the special cases of 



L = II' 



2,8m+2 



and L = L^^^ we have 

'^feTL,i("^^8(-i)) = 5fc(SL2(z)) 



and 



® {-2d)) 



TCUSp 

'^4 ' 



where J'j^^^ is the space of the usual Jacobi cusp forms in two variables of 
weight k and index d (see [EZ]) and 5fc(SL2(Z)) is the space of weight k 
cusp forms for SL2(Z). 

The lifting of a Jacobi cusp form of index one is a cusp form of the same 
weight with respect to 0^(/l2,8m+2) or O (L^^) with trivial character. 
The fact that we get a cusp form was proved in for maximal lattices, 
i.e., if d is square-free. In |GIIS21 §4] we extended this to all lattices L for 
which the isotropic subgroups of the discriminant Al are all cyclic, which is 
true in all cases considered here. 

To prove the unimodular type case of Proposition IH.ll we can take the 
Jacobi form corresponding to the cusp form Ai2(t). Using the Jacobi lift- 
ing construction we obtain a cusp form of weight 12 -|- 4m with respect to 

0+(I/2,8m+2). 

For the K3 type case we need the dimension formula for the space of 
Jacobi cusp forms J^"^^"^ (see |EZj ). For a positive integer / one sets 



{l}l2 



Then if /c > 2 is even 



Ll2 



if / ^ 2 mod 12 



[ j^J - 1 if / = 2 mod 12. 



3=0 



12 



and if k is odd 



d-i 



dimJ,y^ = Y^({k-l + 2j} 



11 



12 



r 

id 



one 



This gives the bounds claimed. For k = 2, using the results of |SZj 
can also calculate dim J2'^^'': there is an extra term, [cJo(d)/2], where CTo{d) 
denotes the number of divisors of d. This gives dim J2^^'^ > if d > 180 and 
for some smaller values of d. □ 
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4 Kodaira dimension results 



In this section we prove Theorem 11.11 Our strategy is the fohowing. For 
r C O (L) we choose a cusp form Fa E 5'a(r) of low weight o, i.e. a 
strictly less than the dimension n of J-l^T). Then we consider elements 
F G F^M;j(„_„)(r, det'^): for simplicity we assume that k is even. Such an 
F vanishes to order at least k on the boundary of any toroidal compacti- 
fication. Hence if dZ is the volume element on P^. defined in §3 it follows 
that F{dZf extends /c-fold pluricanonical form to the general point of 
every boundary component of J-LiXY^"^ ■ Now assume that we have chosen 
the toroidal compactification so that all singularities are canonical and that 
there is no ramification divisor which is contained in the boundary. Such 
toroidal compactifications exist by Theorem II. ,31 if the dimension n > 9. 
Then the only obstructions to extending F{dZ)^ to a smooth projective 
model are the reflective obstructions, coming from the ramification divisor 
of the quotient map tt: ^ ^L(r) studied in §2. 

Let Dk be an irreducible component of this ramification divisor. Recall 
from Proposition O that Vk = ^{K 0C) HVl where K = Kr is the 
orthogonal complement of a stably reflective vector r. For the lattices chosen 
in Theorem 11.11 all irreducible components of the ramification divisor are 
given in Proposition 12.41 

Proposition 4.1 We assume that k is even and that the dimension n >9. 
For r C O (L), the obstruction to extending forms F{dZ)^ where F G 
F^Mk(n_a){T) to J"L(r)*™ lies in the space 

k/2-l 

B = ^B{K) = ^ Mfc(„_„)+2.(rno+(K)), 

K K y=0 

where the direct sum is taken over all irreducible components Vk of the 
ramification divisor of the quotient map tt: Dl ^ ^(^)- 

Proof. Let o" G F be plus or minus a reflection whose fixed point locus is 
'Dk- We can extend the differential form provided that F vanishes of order 
k along every irreducible component "Dk of the ramification divisor. 

If Fa vanishes along T>k then K gives no restriction on the second factor 
of the modular form F. 

Now let {w = 0} be a local equation for Vk- Then a*{w) = —w (this is 
independent of whether a or —a is the reflection). For every modular form 
F G Mk{T) of even weight we have F(^a{z)^ = F{z). This implies that if 
F{z) = on T^K, then F vanishes to even order on T>k- 

We denote by M2fc(F)(— z^I?/^) the space of modular forms of weight 
2b which vanish of order at least v along T>k- Since the weight is even 
we have M2b{T){-VK) = M2b(F)(-2Pi^). For F G M2b{T){-2uVK) we 
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consider {F/nP'^) as a function on T^k- From the definition of modular 
form (Definition 11.2(1 it follows that this function is holomorphic, T n Tk- 
invariant (see equation (jlj) and homogeneous of degree 26 + 2z/. Thus 
{F /w'^'^)\t)j^ S -^2(6+;/) (rnTi^). In ProDosition l2.3l we saw that, Tk contains 

{K) as subgroup of 0^(L)(with equality in almost all cases), so we may 
replace T n Tk by F n O {K). In this way we obtain an exact sequence 

^ M2b(r)(-(2 + 2v)Vk) ^ M2b{T){-2vVK) ^ M2(6+,)(r n 0^{K)), 
where the last map is given hy F^ Flv?"" . This gives the result. □ 
Now we proceed with the proof of Theorem 11.11 

Let -L be a lattice of signature (2,n) and F < O (L): recall that k is 
even. According to Proposition 14.11 we can find pluricanonical differential 
forms on J^i(r)*°'' if 

Cb{V) = dimMfc(„_,)(r) - ^dimi?(i^) > 0, (6) 

K 

where summation is taken over all irreducible components of the ramifica- 
tion divisor (see the remark at the end of §2). It now remains to estimate 
the dimension of B(K) for each of the finitely many components of the ram- 
ification locus in the cases we are interested in, namely T = 0~''(I/2,8m+2) 
andr = 0+(4?). 

According to the Hirzebruch-Mumford proportionality principle 

dimMfc(r) = 1 volHA/(r)A:" + 0{k^-^). 

The exact formula for the Hirzebruch-Mumford volume voIhm for any in- 
definite orthogonal group was obtained in GHSl . It depends mainly on 
the determinant and on the local densities of the lattice L. Here we simply 
quote the estimates of the dimensions of certain spaces of cusp forms. 

The case of //2,8m+2 is easier because the branch divisor has only one 
irreducible component defined by any (— 2)-vector r. According to Proposi- 
tion l2.4l the orthogonal complement K,. is Kj^\ This lattice differs from the 

lattice whose Hirzebruch-Mumford volume was calculated in [(IHSII 

§3.5], only by one copy of the hyperbolic plane. Therefore 

yoIhm O^iLt^) = {Bsrn+4/{8m + 4)) voIhm 6^(irjf ), 
and hence, for even k, 

dimM,(0+(K}7))) 



,l-4m Bo...B. 



^m-Fl)! (8m 2)!! 
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where the Bi are Bernoulli numbers. Assume that m > 3. Let us take a 
cusp form 

F G 5'4m+12(0'*'(/l2,8m+2)) 

from Proposition 13. 11 In this case the dimension of the obstruction space B 
of Proposition 14.11 for the pluricanonical forms of order k = 2ki is given by 

dimM(4„_io)fc+2.(0^(A:j7^)) = 

^^""^^ g2---^8m+2 1 ^8m+2 _ _ . .8m+2 

(8m + 2)! (8m + 2)!! +4m-10^ ' 

In [GHSll §3.3] we computed the leading term of the dimension of the space 
of modular forms for 0^(/l2,8m+2)- Comparing these two we see that the 
constant CB(0^(//2,8m+2)) in the obstruction inequality © is positive if 
and only if 

B^ > (1 + _J^^^rn+2 _ ^ ( 

4m + 2 ^ 4m- 10^ ^ ^ 

Moreover ^j™'' is of general type if CB(0^(//2,8m+2)) > 0. From Stirling's 
formula 

5V^(— )2" > \B2n\ > 4V^(— (8) 
vre ire 

Using this estimate we easily obtain that holds if m > 5. Therefore we 
have proved Theorem 1 1.1 1 for the lattice I/2,8m+2- 

Next we consider the lattice of K3 type. For this lattice the branch 
divisor of is calculated in Proposition 12.41 It contains one or two 

(if (i = 1 mod 4) components defined by (— 2)-vectors and some number of 
components defined by (— 2(i)-vectors. To estimate the obstruction constant 
CB(r) in © we use the dimension formulae for the space of modular forms 
with respect to the group O (M), where M is one of the following lattices 
from Proposition 12. 4t (the main group); i^2™'' ^^^"^ -^2™'' (*^^ 

obstruction) ; M2,8m+2, -^^2"^^ and r2^8m+2 (the (— 2(i)-obstruction). The cor- 
responding dimension formulae were found in [GHSl] (see §§3.5, 3.6.1-3.6.2, 
3.3 and 3.4). The branch divisor of {—2d)-type appears only if d > 1. We 
note that 

V0lHM(0^(T2,8,n+2)) > volj^ A/ (6^ (i^f )) . (9) 

Therefore in order to estimate Cs(r) we can assume that all (— 2(i)-divisors 
defined by stably reflective (— 2(i)-vectors r with div(r) = d (see Proposi- 
tion [231) are of the type T2^8m+2- 

We put k = 2ki, w = n — a and n = 8m -|- 3. For the obstruction constant 
in © we obtain 

C7b(0+(4?)) > dimM2fc,^(0+(47))) - i?(_2) - i?(_2rf) (10) 
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where 

= dimi?(K(f ) + dhnB{N^f), 

Bi-2d) = 2^('^)-HdimS(M2,8m+2) + 2^^^ dimB(r2,8„^+2)) 

and B{K) is the obstruction space from Proposition 14.11 By hd we denote 
the sum 5o,d(8) ~ ^2,d(4) ) where d{n) is d mod n and 5 is the Kronecker delta 
(see Proposition 12.41 and the remark following it). 
For any lattice considered above 

B{K) = ^ dimM2(fc,^+,)(6+(i^)) 

iy=0 
28m+3 



(8m + 3)! 



E^Sm + 3)volHAf(0 (ir))(A;iti;)8'"+3 + 0{kf 



8m+2\ 



where E^{8m + 3) = (1 + :^)^™+^ 

All terms in (|l()j) contain a common factor. First 



dimM2fe,UO"(47)) = C<r 



8m+4 



B. 



4m+2 



Vd + o{kl"'+^), (11) 



where 



(8m + 3)! (8m + 2)!! 4m + 2 'ilS^ ' P ^^i^^ • 

We note that 2^"^+^!^ = n-^^'^+^'^V{^m + 2)C(4m + 2). 
From |(;HS11 (16)] it follows that 

vol^M(0"'(i^(™))) = 

25i..-54..(8) ^^_:||^d^™+|^-(4m+2)r(4^ ^ 2)L(4m + 2, (^^) ). 

We can use the formula for the volume of A'^^^'* in the following form: 



vol^,M(0+(ArM)) = 

2l+'5i,d-(8m+4)^4m+| B2 ■ ■ ■ B: 



W2 ^-(4„^+2)r(4^ + 2)L(4m + 2, ) 



5m + 

(see |(;HS1I 3.6.2]). It follows that 

S(_2) = C^^J^»(8m+3)(28-+3-^4,.(8)p^(4^+2)+P,v(4m+2))+0(A;8™+2 
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where 



and 



PK(n) = (i-2-"^.,.)^(!!ii^))rri 



1 



PN{n) 



Hi 



Here xoj denotes the principal Dirichlet character modulo /. 

We note that \PK{n)\ < 1 and |P/v(n)| < 1 for any d. We conclude that 



^(-2) <C^X^»(8"^ + 3)6(-2) 

where 6(_2) = 2^"^+^ - 1. 

The (— 2(i)-contribution is calculated according to |GHSll 3.3-3.4]. We 

note that O (T'2^8m+2) is a subgroup of O (M2_8m+2)- We obtain 

iki,w 



where for d > 2 

2pW /4\*"^^ 



\-2d) 



d 



-(4m.+2) 



2-(8m+3)^ 



-(8m+3) 



)• 



As a result we see that that the obstruction constant Cb{0^ {L^^^)) is pos- 
itive if 



m,d 



B. 



4m+2 



B: 



8m+4 



^^(8m + 3)(6(_2) +6 



(-2d), 



< 



Using (jHl) we get 



B. 



4m+2 



8m+4 



< 



vre 



4^2 V2m + 1 



4m+2 



1 

28m+4 ■ 



For m > 5 we choose a cusp form Fa of weight a = 4m + 10, i.e. we take 
w = Am — 7 in Proposition 14.11 Such a cusp form exists for all c? > 1 by 
Proposition 13.11 Using the fact that /?(_2d) < '^(-4) ^^^^ d > 2 and the 
value 6{-4) = 2^™""^ 2, we see that 



<(1 + 



1 



^8m+3 



4m 



7re 



8^/2 V2?7i + 1 



4m+2 r,8m+3 



+ 2^™+! + 1 



28m+3 



which is smaller than 1 if m > 5. This proves Theorem II. II for m > 5. 

For m = 4 there exists a cusp form Fa of weight 4m + 6 if d 7^ 1, 2, 4, i.e. 
we take w = 4m — 3. To see that < Vd we need check this only for 

d = 3 because &(_2d) < ^(-6) for d > 3. One can do it by direct calculation. 
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For m < 3 we choose Fa of weight Am + 2, i.e. we take w = 4m + 1. Such 
a cusp form exists if d > 180 according to Proposition For such d we see 
that /?(_2(i) < 1- Then the obstruction constant Cb{0 {L^^)) is positive if 



B. 



4m+2 



8m+2 



n + )8m+3(28m+3 + 2) < Vd. 

4171 + I 



This inequahty gives us the bound on d in Theorem ll.il 
This completes the proof of Theorem 11.11 

In the proof of Theorem 11.11 above we have seen that the (— 2)-part of 
the branch divisor forms the most important reflective obstruction to the 
extension of the O (L2™^)-invariant differential forms to a smooth compact 

model of .^2™'' ■ consider the double covering SJ^'^^ of .^2™^ for d > 1 

determined by the special orthogonal group: 

Here the branch divisor does not contain the (— 2)-part. Theorem 14. 21 below 
shows that there are only five exceptional varieties SJ-!^^ with m > and 
d > 1 that are possibly not of general type. 

The variety SJ-^^ can be interpreted as the moduli space of K3 surfaces 

of degree 2d with spin structure: see IGHS2| §5]. The three-fold SJ^^^ is 
the moduli space of (1, t)-polarised abelian surfaces. 

Theorem 4.2 The variety SJ-^^ is of general type for any d > 1 if m > 3. 

If m = 2 then SJ^2^ is of general type if d > 3. If m = 1 then SJ^'^^ is of 
general type if d = 5 or d> 7. 

Proof. The case m = 2 is |(tHS2| Theorem 5.1], and the result for m > 5 is 
immediate from Theorem ll.il For m = 1, 3 and 4 we can prove more than 
what follows from Theorem ll.il 

The branch divisor of SJ-^ is defined by the reflections in vectors r G 

L^^^ such that -a^ G SO^(L^"^), b ecause the rank of L^^^ is odd. Therefore 
= —2d, by Proposition 12.11 

- (m 
^2d 



If F G M2A,.+i(S0 (L^^)) is a modular form (note that the character det 



is trivial), d> 1 and z G 1^' (m) is such that {z,r) = 0, then 

F{z) = Fi-ar{z)) = F{-z) = {-ir+'F{z). 

Therefore any modular form of odd weight for SO'^ (L^^^) vanishes on the 
branch divisor. 
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To apply the low- weight cusp form trick used in the proof of Theorem ll.il 
one needs a cusp form of weight smaller than dimSJ-^^ = 8m + 3. By 

Proposition 13. II there exists a cusp form Fu^^m £ 5'ii+4m(SO {L^-^^)). For 
m > 3 we have that 11 + 4m < 8m + 3. Therefore the differential forms 
Fii+AniP{'ira-fi)k{dZf , for arbitrary F(4^_8)fc G M(4^_8)fc(SO (L^^^)), ex- 
tend to the toroidal compactification of SJ^^^ constructed in Theorem II .31 
This proves the cases m > 3 of the theorem. 

For the case m = 1 we use a cusp form of weight 9 with respect to 
SO {L^2d) constructed in Proposition 13.11 □ 

We can obtain some information also for some of the remaining cases. 

Proposition 4.3 The spaces SJ-^^^ and SJ-[^ have non-negative Kodaira 
dimension. 

Proof. By Proposition 13. II there are cusp forms of weight 11 for SO^(Lg^'') 

and S0"^(lS2^). The weight of these forms is equal to the dimension. By 
the well known criterion of Freitag these cusp forms determine canonical 
differential forms on the 11-dimensional varieties SJ-g^^ and SJ-[^ . □ 

It may be that these varieties have intermediate Kodaira dimension. 

In |(THS2j we used pull-backs of the Borcherds modular form $12 on 
P//2 26 to show that many moduli spaces of K3 surfaces are of general type. 
We can also use Borcherds products to prove results in the opposite direction. 



Theorem 4.4 The Kodaira dimension of J^jj is —00 for m = 0, 1 and 2. 

Proof. For m = we can see immediately that the quotient is rational: a 
straightforward calculation gives that = r\Hi X Hi where Hi is the 
usual upper half plane and F is the degree 2 extension of SL(2, Z) x SL(2, Z) 
by the involution which interchanges the two factors. Compactifying this, 
we obtain the projective plane P2. 

For m = 1, 2 we argue differently. There are modular forms similar to 
$12 for the even unimodular lattices 1/2, 10 and 1/2, is- They are Borcherds 
products $252 and 'I>i27 of weights 252 and 127 respectively, defined by the 
automorphic functions 

A{T)-\T)E4irf = + 504 + q{. . .) 

and 

A{T)-\T)E^{T)=q-' + 2M + q{...), 

where q = exp(27rir) and A(t) and E4^[t) are the Ramanujan delta func- 
tion and the Eisenstein series of weight 4 (see fBlj ). The divisors of $252 
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and ^>i27 coincide with the branch divisors of !Fjj and !Fjj defined by the 
(— 2)-vectors. Moreover $252 and $127 each vanishes with order one along 
the respective divisor. Therefore if FiQk{dZ)^ (or Fisk{dZ)^) defines a pluri- 
canonical differential form on a smooth model of a toroidal compactification 
of J^^f or J^^f, then Fiok (or Figfc) is divisible by $^52 (or $127), since Fiok 
or Fisk must vanish to order at least k along the branch divisor. This is 
not possible, because the quotient would be a holomorphic modular form of 
negative weight. □ 
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